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Abstract
This paper presents a novel framework for the analysis of a 3-RRR spherical parallel manipulator with
coaxial input axes (coaxial SPM) with the focus on its infinite rotational motion capabilities and its effects
on the manipulator’s characteristics. The framework consists of three phases. At first, an approach for
obtaining unique solutions of forward and inverse kinematics problems is introduced for setting up univocal
relation between coaxial SPM’s input joint positions and orientation of its end-effector. At the second phase,
a method for generating infinite rotational motions of an end-effector is formulated. The third phase outlines
numerical computation procedures of the coaxial SPM’s workspaces in the joint and Cartesian spaces, excluding singularity configurations and mechanical collisions of SPM’s links during infinite rotational motion.
A 3D design model and an experimental prototype of the coaxial SPM is presented and utilized for numerical
analysis and experimental verification of the presented framework supplemented by an accompanying video
demonstration.
Keywords:
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1. Introduction
Parallel manipulators are under constant attention of academia and industry due to their theoretical advantage over serial manipulators regarding
their increased positioning and orienting accuracy,
mechanical rigidity and performance in high dynamic motions. However, such manipulators need
a very detailed research and analysis conducted on
them before they can find their use in industry [1–
5]. A class of parallel manipulators known as spherical parallel manipulators (SPMs) is able to provide
a three degrees-of-freedom (3-DOF) pure rotational
motion. They are considered to be an alternative
to traditional robotic wrists utilizing serial arrangement of their links [6] and can serve as spherical
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motion generators [7]. Their application spans from
manufacturing [8] and motion control platforms [9]
to medicine [10, 11] and rehabilitation [12, 13].
Among numerous types of 3-DOF SPMs that
were synthesized [14–18], the 3-RRR type SPMs,
i.e., with three revolute joints (R) at each of the
three parallel chains, are the most studied in detail (hereafter - general SPM). The early research
works by Gosselin et al. [19–21] set the foundations of kinematic design and analysis of 3-RRR
SPMs. These works introduced the notation and
approaches to solve forward and inverse kinematics of general SPMs. It was also validated there
that multiple solutions to both forward and inverse
kinematic problems exist. Despite the substantial
theoretical research conducted on this topic, only a
few SPMs were designed and built in the real world
for experimental analysis and practical applications
[22, 23].
The above-mentioned works primarily focus on
SPMs with a limited range of motion of the DOF
corresponding to an end-effector’s rotation around
its normal vector. For example, the Agile Eye
July 22, 2021

[9] prototype is capable of only ±30◦ of the endeffector’s twist. This limitation does not allow such
SPMs to be used to the fullest extent as active ball
joints or orientation platforms for machining tools
[24] since these applications often require complete
360◦ or infinite rotational motion. A special case of
the general SPM with a collinear (coaxial) arrangement of its input axes (hereafter - coaxial SPM)
does not have this limitation, making it a potential
candidate for such applications.
Coaxial SPM’s kinematic structure shown in
Fig. 1b was initially presented in [25], where several serial and parallel wrist joints were assessed for
their kinematic and static performances. The optimal design of such wrist joints was considered from
the reduced singularity and uniform velocity behavior viewpoints. It was reported that for specific geometrical parameters of the coaxial SPM’s links, the
velocity ratio is much more isotropic and less dependent on the SPM’s configuration. One of the advantages of the proposed manipulator in [25] is that
it has no singularities inside the workspace, only
on the boundaries, compared to the serial counterparts. This SPM architecture was further studied in [26] by Gosselin et al., where it was shown
that such SPMs have eight solutions for the forward
kinematic problem similar to the general SPMs.
Subsequently, the coaxial SPM was used to design
marine propulsors [27, 28] and a robotic link mechanism [29]. In these works, actuators are fixed and
located on the base of the designed devices, which
allows remote actuation of the mechanisms and, in
general, decreases manipulators’ inertia. Alternative mechanical design of the coaxial SPM, with
sliding actuators was presented in [30, 31], which
improves stiffness of the manipulator’s legs due to
the presence of a circular guide. The subsequent
works [8, 32] focus on design optimization of this
proposed coaxial SPM’s design from the kinematics and dynamics viewpoints with no reported experimental demonstration on the physical coaxial
SPM’s prototype. SPMs with infinite rotation of
the end-effector around its normal vector were also
accomplished using different joints arrangement,
such as in [33] were authors analyzed a 3(RSS)-S
fully spherical robot. Other theoretical mechanical
designs of the coaxial SPMs were based on kinematically asymmetrical SPM, i.e., with different combination of joints in each link, were also reported
[34–36]. In general, analysis of such mechanisms
is more complex than that of symmetrical SPMs,
which demands further efforts for their physical re-

alization.
Despite the considerable interest in the coaxial
SPMs, the above reviewed works focus primarily on
mechanical design optimization, kinematic and dynamic analyses of the proposed SPM designs without considering the effect of the infinite rotational
motion on the manipulator’s workspace and the
ways to achieve such motions. To the authors’ belief, no research works were publicly reported to the
date, outlining theoretical foundations for the generation of infinite rotational motions of the coaxial
SPM with the corresponding joint space and Cartesian workspace analyses required for practical applications of such manipulators. This paper addresses
this knowledge gap and presents a novel framework
for generating infinite rotational motions and further kinematic analysis of the SPM with coaxial
input axes. It consists of three phases. The first
phase, outlined in Section 2, presents the approach
for obtaining unique solutions to the forward and
inverse kinematic problems for univocal relation of
the coaxial SPM’s input joint positions to the orientation of its end-effector and vice versa. At the
second phase, a method for generating infinite rotational motions of the manipulator’s end-effector is
formulated as detailed in Section 3. The last phase
is presented in Section 4. It outlines singularity
and link collision detection procedures for numerical computation of the coaxial SPM’s configuration
space and the Cartesian workspace, considering infinite rotational motion feature of the manipulator.
A 3D CAD model and an experimental prototype of
the coaxial SPM are presented in Section 5 and utilized for numerical analysis and experimental verification of the presented framework in Section 6,
supplemented by an accompanying video demonstration.
The approaches and numerical computations presented in this paper are a systematic revision and
extension of the preliminary results reported in the
authors’ conference works [37, 38]. A combined
framework for generating infinite rotational motions of a coaxial SPM and study of their effects
is the main contribution of this paper. In contrast
to the author’s earlier works [39, 40], a numerical
approach presented there for computing the unique
forward and inverse kinematics of a coaxial SPM
was revised for a better alignment of analytical formulations with the pioneering work on SPM [21]
and augmentation by a novel expression for automated definition of an initial guess vector. The
second contribution of this paper is the overall ex2
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Figure 1: SPM’s kinematic models: (a) general SPM, where ○
coaxial SPM; (c) positive direction of the input joint positions with respect to the home configuration (shown only with the
proximal links).

perimental implementation and verification of the
proposed framework on an experimental prototype
of the coaxial SPM, thus demonstrating its practical applicability to design SPM-based mechanisms
with infinite rotational motion capabilities.

and semigraphical, involve solving complex nonlinear equations that may be computationally heavy
for implementation of real-time control of SPMs.
Therefore, special architectures of SPMs resulting
in simplified kinematic equations were proposed in
[26, 43], that are employed for achieving real-time
control of a SPM with special architecture (Agile
Eye) in [9]. It is also a common practice to add
extra sensors to obtain redundant data resulting in
simplified closed-form solutions [44, 45] or to utilize
various numerical methods to solve forward kinematic problem of parallel manipulators [46]. Moreover, for control applications it is also required to be
able to select a single solution from the several ones,
such that it always corresponds to a specific assembly of SPM. In this regard, a numerical approach
for obtaining unique solutions, corresponding to a
working or assembly mode of a real SPM, was proposed in [39]. Identification of one unique solution
for the forward and inverse kinematics is required
for orientation and/or stabilization control and motion planning of a device based on SPM architecture
[47, 48]. This approach was subsequently utilized to
develop offline motion planning and real-time orientation control frameworks for this type of SPMs
using convex optimization techniques that were experimentally verified on the Agile Wrist SPM prototype in [40, 49]. The author’s preliminary works,
[37] and [38], report extension of the results from
[39, 40] to a coaxial SPM model case study and
discuss its unique forward and inverse kinematics,
assembly and working modes, generation and sim-

2. Kinematic Analysis
Kinematic analysis, configuration space (joint
space) and Cartesian workspace characterizations
are important first stages in the design of robotic
manipulators. These procedures are more complicated for parallel manipulators comparing to serial
ones. In the case of the coaxial SPM and 3-DOF
3-RRR SPMs in general, as was mentioned previously, there exist multiple solutions to its forward
and inverse kinematic problems [20]. Analytical solution to the inverse kinematic problem of 3-RRR
SPMs was derived in [19, 41]. Whereas, the closedform solution to the forward kinematic problem of
3-RRR SPMs using polynomial approach was proposed later in [21], where the authors derived a
polynomial of degree 8, and demonstrated that this
polynomial is minimal and solving it provides 8 real
solutions to the SPM forward kinematic problem.
Later, a different approach based on semigraphical
method was proposed in [42]. This method is based
on the input–output equations of spherical four-bar
linkages and requires solving derived trigonometric equations semigraphically to obtain the joint
variables for the determination of the moving platform orientation. Both methods, i.e., polynomial
3

ulation modeling of infinite rotational motion, respectively. This approach was also tested and verified via external control of a simulation model of
coaxial SPM in CoppeliaSim (formerly known as VREP) [50] open-access virtual robotic simulator in
[51]. Parallel manipulators can be physically simulated and controlled in CoppeliaSim directly or remotely from external environments such as MATLAB. Position data about manipulator’s joints, obtained directly in CoppeliaSim, were used for verification analysis of the proposed approach in [51].
As a result, it was concluded that the numerically
derived unique solutions to the SPM forward kinematic problem coincide with the simulated orientation of the physical SPM model (Figure 6 in [51]).
Being a special case of the general SPM, kinematic analysis of the coaxial SPM is based on the
same fundamentals as in [20, 21, 42, 52]. This section briefly introduces fundamentals of SPM’s kinematics, as well as a revised approach for obtaining
unique kinematic solutions of the coaxial SPM, initially presented by the authors in [37].

To define location of the mobile platform, a stationary coordinate system needs to be set up. The
right-handed coordinate system is placed at the
center of rotation as shown in Fig. 1b. The z -axis is
directed upwards, whereas the x -axis is orthogonal
to the z -axis and is pointing towards the intermediate joint of the first parallel chain at the home
configuration. The right-hand rule is used to determine the y-axis. At the home configuration, proximal links are located 120◦ from each other, making
the mobile platform horizontal with its normal vector coincident with the positive z -axis.
The inputs to the coaxial SPM are provided by
actuating proximal links via base joints. Those
input joints positions are measured in the clockwise direction from the central symmetry planes of
the proximal links at the home configuration till
the same planes at the resultant location as illustrated in Fig. 1c. The input joints positions are

T
represented by vector θ , θ1 , θ2 , θ3 , and at the

T
home configuration it is set to θ = 0, 0, 0 .
Following the earlier definition of the coordinate
system, the base joints’ unit vectors ui , i = 1, 2, 3,
are expressed as:
 
0
(1)
ui =  0  .
−1
The intermediate joints’ unit vectors wi ,
i = 1, 2, 3, are defined as follows:


cos(ηi − θi ) sin α1
wi =  sin(ηi − θi ) sin α1  ,
(2)
− cos α1

2.1. Kinematic Model
A geometric model of the general 3-RRR SPM is
represented as two triangular pyramid-shaped platforms, mounted on top of each other and sharing a
single vertex as shown with dotted lines in Fig. 1a.
The lower platform is a (stationary) base and is defined by angle γ. The upper platform is a mobile
platform, which undergoes 3-DOF spherical motion,
and is defined by angle β. In the special case of the
coaxial SPM, the lower platform is degenerated to a
single line by coaxial placement of the base joints,
i.e. input joints, as demonstrated in Fig. 1b. In
this arrangement of the base joints, angle γ = 0◦ .
Such special arrangement of the input joints allows
infinite rotational motion of the SPM’s mobile platform.
Three equally spaced parallel chains connect the
mobile platform to the base. They are enumerated as i = 1, 2, 3 in the counter-clockwise direction.
Each chain consists of two curved links: proximal
and distal. The curvature of the proximal link is defined by angle α1 , whereas that of the distal link is
defined by angle α2 . Each parallel chain has three
joints, the axes of which intersect at the common
point known as the center of rotation. Those axes
are defined by the unit vectors ui , wi , and vi , respectively from the base to the mobile platform, α3
denotes an angle between any two unit vectors vi .

where ηi = 2(i − 1)π/3, i = 1, 2, 3.
The orientation of the coaxial SPM is defined by
the the unit vectors of the mobile platform’s joints
vi , i = 1, 2, 3.
2.2. Forward Kinematics
In the case of the coaxial SPM, the forward kinematics is used to describe the orientation of the
mobile platform in terms of the unit vectors vi ,
i = 1, 2, 3, given the input joint positions vector θ.
To compute these unit vectors, nine independent
equations are derived from geometric constraints of
SPMs [42]:


wi · vi = cos α2 ,
vi · vj = cos α3 ,


kvi k = 1,
4

i = 1, 2, 3,
i, j = 1, 2, 3,

i 6= j,

(3)


where α3 = 2 sin−1 sin β cos π6 is the angle between axes of the i th and j th mobile platform joints
(Fig. 1b), and k·k is the Euclidean norm.
The system of equations (3) provides multiple solutions and can be solved for vi ’s numerically. In this work, the trust-region numerical optimization method for solving nonlinear programming problems is employed [53]. In MATLAB,
it is implemented as fsolve function with a default trust-region-dogleg algorithm and an initial guess vector x0 . In case of Python, it is implemented with scipy.optimize.minimize method
with method = ’dogleg’ parameter and the same
initial guess vector x0 as in MATLAB’s case. This
vector’s values are the guesses of x, y, and z components of the unit vectors vi , i = 1, 2, 3, represented
as follows:

T
x0 = v1x , v1y , v1z , v2x , v2y , v2z , v3x , v3y , v3z . (4)

typically the unit vectors vi i = 1, 2, 3, have z components pointing in the positive direction. Selecting
this guess vector allows to obtain a unique solution
of the forward kinematics problem corresponding to
the l-l-l assembly mode. Note that for the alternative symmetrical r-r-r assembly mode, (5) will have
−10◦ shift (negative direction of rotation).
The computation process of a unique forward
kinematics solution is summarized in the updated
Algorithm 1. It was initially formulated and experimentally verified by the authors in [37]. Here, an
additional step for calculating wi is introduced for
obtaining a new guess vector.
Algorithm 1: Obtaining a unique solution
of the forward kinematics problem of a coaxial SPM
Input: θ, α1 , α2 , β, x0 , ηi , i = 1, 2, 3
Output: Unique unit vectors vi , i = 1, 2, 3

Calculate α3 = 2 sin−1 sin β cos π6 ;
for i ← 1 to 3 do
Calculate wi using (2) given θ;
Calculate wi,rot using (5);

In this paper, the l-l-l assembly mode [37] is chosen for the analysis, meaning that all distal links
are located to the left of the central symmetry plane
of the respective proximal links. By the definition
of this assembly mode, it is expected that the unit
vectors vi , i = 1, 2, 3, are always further in the positive direction of link rotations (clockwise), thus the
guess vector is chosen as the positive shifted instance of the unit vectors wi , i = 1, 2, 3, and pointing in the same z direction as at the home configuration. An example of such shift of the unit vectors
wi , i = 1, 2, 3, could be a 10◦ rotation around the
z -axis, expressed using the Rodrigues’ rotation formula [54] as follows:
 !
0
wi,rot = wi cos 10◦ + wi × 0 sin 10◦ +
1
   
(5)
!
0
0

+ 0 0 · wi 1 − cos 10◦ , i = 1, 2, 3.
1
1

Calculate initial guess vector x0 using (6);
Calculate vi , i = 1, 2, 3, by solving the
system of equations (3) numerically, given
wi , i = 1, 2, 3, with initial guess vector x0 ;
return vi , i = 1, 2, 3

2.3. Inverse Kinematics
In the case of the coaxial SPM, the inverse kinematics is used to compute the input joint positions
vector θ that can be applied to bring the mobile
platform to a specific orientation described by the
unit vectors vi , i = 1, 2, 3. Three uncoupled equations used to compute each of input joint positions
θi , i = 1, 2, 3, are formulated as follows [20]:

The resultant guess vector is then formulated as
follows:

Ai Ti2 + 2 Bi Ti + Ci = 0,

x0 = [ w1x,rot , w1y,rot , −w1z,rot ,
w2x,rot , w2y,rot , −w2z,rot ,

(6)

i = 1, 2, 3,

(7)

with

T

w3x,rot , w3y,rot , −w3z,rot ] .

 
θi
Ti = tan
.
2

The z components of the guess vector, i.e. w1z,rot ,
w2z,rot , and w3z,rot , are negated as the unit vectors
wi , i = 1, 2, 3, have these components in the negative z direction (for cases when α1 < 90◦ ), but

(8)

These equations are derived from the first equation from the system of equations (3), and have
5

coefficients Ai , Bi , and Ci formulated as follows:

Algorithm 2: Obtaining a unique solution
of the inverse kinematics problem of a coaxial SPM
Input: vi , i = 1, 2, 3, α1 , α2 , ηi
Output: Input joint positions vector θ

Ai = − cos ηi sin α1 vix − sin ηi sin α1 viy −
− cos α1 viz − cos α2 ;
Bi = sin ηi sin α1 vix − cos ηi sin α1 viy ;

(9)

Ci = cos ηi sin α1 vix + sin ηi sin α1 viy −

for i ← 1 to 3 do
Calculate Ai , Bi , Ci using (9) given vi ;
Solve equation (7) for Ti ;
Find θi using equation (8) and select
solution coming from the root with
added or subtracted square root of the
discriminant for l-l-l or r-r-r working
mode, respectively;
return θi , i = 1, 2, 3

− cos α1 viz − cos α2 ,
where vix , viy , and viz are components of the unit
vectors vi , i = 1, 2, 3.
Compared to the numerical computation of the
forward kinematics solutions, the inverse kinematics solutions are solved analytically. Equations (7)
are decoupled quadratic equations for each input
joint position θi , i = 1, 2, 3 with two roots for each
Ti . This results in total of eight combinations of
possible solutions for the input joint positions, representing eight working modes. To compute the solution corresponding to the coaxial SPM operating
in the l-l-l working mode as discussed in [37, 49], it
is necessary to select the solution that corresponds
to the roots with added square root of the discriminant (the definition of the positive direction of rotation). On the other hand, the combination corresponding to the roots with subtracted square root
of the discriminant presents the solution for the rr-r working mode.
Similarly to the forward kinematics, the updated
Algorithm 2 for obtaining unique solutions of the
inverse kinematics problem is given below. It was
initially formulated and tested by the authors in
[37]. However, compared to the previous version of
the Algorithm, the coefficients Ai , Bi , and Ci are
calculated differently. The direction of legs indexing (counter-clockwise), the definition of the positive direction of rotation (clockwise, right-hand rule
applied on vectors ui , i = 1, 2, 3), and the alignment
of the SPM’s home configuration with the fixed coordinates system have been modified from that of
[37]. This has been done in order to comply with
the pioneering works of Gosselin et al. [21] and to
preserve nomenclature and definition consistency.
Introduction of these changes resulted in modification of (9) for calculating coefficients Ai , Bi , Ci .

n
σ

Figure 2: Rotation of the coaxial SPM mobile platform
around its normal vector n by angle σ.

other special kinematic architectures of the 3-RRR
SPMs such as the SPM with coplanar actuators [20]
or the Agile Eye [9]. Rotational motion of the coaxial SPM requires generation of the sequence of input
joint positions θ traj , i.e., actuator motion trajectories. This section presents an approach of trajectory generation for infinite rotational motions of
the coaxial SPM.
In the proposed framework, the orientation of the
coaxial SPM’s mobile platform is defined by the
unit vectors vi , i = 1, 2, 3. Hence, the rotational
motion of the SPM’s mobile platform around its
normal vector n can be interpreted as the rotation
of the unit vectors vi , i = 1, 2, 3, around the same
vector n, which is computed as:

v1 + v2 + v3


,
∀ β 6= 90◦ ,
n =
kv1 + v2 + v3 k
(10)
v1 × v2


n =
,
∀ β = 90◦ .
kv1 × v2 k

3. Generation of Infinite Rotational Motions
Ability to generate infinite rotational motions of
the mobile platform around its normal vector, as
shown in Fig. 2, is one of the distinctive features
of the coaxial SPM that makes it different from the

The instantaneous orientation of the SPM’s mo6

bile platform during the rotational motion is defined by the unit vectors vi,rot , i = 1, 2, 3, and is
computed using the Rodrigues’ rotation formula
[54]:
vi,rot = vi cos σ + (vi × n) sin σ+
+ n(n · vi )(1 − cos σ),

i = 1, 2, 3,

which following Algorithm 2 will be obtained as

T
θ = −160◦ , 150◦ , 100◦ . In this case, the calculated input joint positions require the proximal link
1 to move in the opposite direction comparing to
the other two proximal links, resulting in its collision with the proximal link 2 while trying to surpass it. In general, link surpass happens when one
of the input joint positions is greater than the next
input joint position in the positive (clockwise) direction of SPM movement, i.e. θ3 − θ2 , θ2 − θ1 , or
θ1 − θ3 is not greater than 120◦ (the thickness of
SPM links is ignored). To solve this issue an extra
360◦ (2π) needs to be added for the duration of the
entire motion trajectory to the proximal link being
the earliest in the positive (clockwise) direction.
The presented approach for the infinite rotational
motion generation is summarized in Algorithm 3.
It applies to the rotational motions at the desired
locations that do not lead to singularities or link
collisions. Details on how to check for singularities
and link collisions are presented in the next section.

(11)

where σ is a rotation angle of the SPM’s platform
measured from the starting configuration till the
final rotational instance as shown in Fig. 2.
In order to generate trajectories for infinite rotational motion, a single full 360◦ rotation of the
SPM’s mobile platform is sampled into a sequence
of S instances with the rotation angles as:
σ = {σ1 , σ2 , . . . σS }.

(12)

A uniform sampling interval of the rotation is employed for the simplicity of the numerical analysis,
i.e., δσ , σj+1 − σj , j = 1, 2, ... S − 1, is constant.
The procedure for obtaining a unique inverse
kinematics solution, i.e., Algorithm 2 is executed
at each instance. When using (8) to find θi value
via arc-tangent function, Algorithm 2 returns output values on the scale from −180◦ (−π) to +180◦
(+π). From this it follows that, once any of the
input joint positions θi , i = 1, 2, 3, reaches +180◦
(+π) side, it will start from the −180◦ (−π) side at
the next rotational instance. To ensure continuous
motion trajectory, such jumps in the input joint positions’ values have to be accounted by adding an
extra 360◦ (2π) to the input joint position experiencing it, starting the instance it happened θi,j ,
j = 2, 3, ... S, till the end of the motion trajectory θi,S . As a result, the input joints trajectory
θ traj that leads to a single rotation of the SPM’s
mobile platform around the vector n is generated.
The infinite rotational motion of the coaxial SPM is
achieved by applying the obtained input sequence
θ traj repeatedly. However, each following rotation
has to be adjusted by adding an extra 360◦ (2π) to
the input sequence θ traj at the time when the ongoing rotation is finished, again, to ensure motion
continuity.
Before applying the generated motion trajectories on the manipulator itself, it is necessary to verify that none of the input joint
positions require any of the proximal links to
surpass the neighboring ones by going through
them in order to achieve corresponding orientation.
An example of such link surpass is

T
the input joints positions θ = 200◦ , 150◦ , 100◦ ,

4. Configuration
Analyses

Space

and

Workspace

This section presents a method for numerical
analysis of the coaxial SPM’s configuration space
and the Cartesian workspace for the case of singularity and link collision free infinite rotational motions.
4.1. Singularity Detection
As for the most of other manipulators, singularity issues need to be considered and analyzed before
setting the coaxial SPM into a motion. It is necessary to keep manipulator away from singular and
near-singular configurations as its controllability is
weak at these points.
Singularity analysis of parallel manipulators is
based on the early work of Gosselin and Angeles
[55], where they described the relationship between
the input and output speeds as follows:
θ̇ = Jω,

(13)

where ω is the angular velocity vector of the mobile platform, θ̇ is the vector of actuated joint rates,
and J is the Jacobian matrix that maps the angular velocity vector ω to the vector of actuated joint
rates θ̇.
7

Singularities occur in the cases when either J1 or
J2 or both simultaneously are singular, i.e., det(J1 )
= 0 and/or det(J2 ) = 0. In other words, there exist
three types of singularity cases for parallel manipulators as described in more details in [55]. This
methodology was used by Gosselin et al. in [56],
where singularity loci of the Agile Eye SPM were
analyzed. The same methodology was applied by
Bai et al. in [57] for singularity analysis of their
proposed coaxial SPM design.

Algorithm 3: Rotational motion trajectory
generation for a single rotation of a coaxial
SPM
Input: vi , i = 1, 2, 3, α1 , α2 , ηi , σ
Output: Input joints trajectory θ traj
Calculate n using (10) given vi ;
for j ← 1 to S do
Calculate vi,j , i = 1, 2, 3, using (11) with
σj and n;
Calculate input joint positions θ j for
each vi,j , i = 1, 2, 3, using Algorithm 2;
θ traj (j) ← θ j ;
/* check for 360◦ jumps in θ traj

All three types of singularities of parallel manipulators have different physical interpretation. The
first singularity type occurs when det(J2 ) = 0. It
lies on the boundary of the Cartesian workspace,
where the mobile platform loses one or more DOFs
[56]. It happens when any of the SPM’s legs is completely folded or unfolded, resulting in the ability of
the mobile platform to resist one or more moments
without exerting any torque at the input joints.
The second singularity type occurs when det(J1 )
= 0. In this configuration, the mobile platform can
move despite of the actuators being locked [56]. It
corresponds to configurations in which distal links
either lie on the plane of the mobile platform or are
orthogonal to this plane. Example of such configuration is shown in [57]’s Fig. 8. Generally, such
configurations are not reachable due to the physical interference of the links. Bonev and Gosselin
published the work dedicated to this type of SPM
singularities [58], since they can appear inside the
Cartesian workspace and require more attention. It
was found out that for coaxial SPMs with β = 90◦ ,
the second singularity type can occur only when the
mobile’s platform tilting is 0◦ , 90◦ , or 180◦ , and only
when α1 = α2 = 90◦ . The third singularity type occurs when the SPM has α1 = α2 , and results in a
situation in which actuators’ motion does not lead
to the motion of the mobile platform [55]. This
singularity type is an architectural singularity [56].
Thus, appropriate selection of geometrical parameters of the SPM links, allows to eliminate presence
of the second and the third singularity types.

*/

for k ← 1 to S − 1 do
if θ1,k − θ1,k+1 > 0◦ then
θ1,k+1 = θ1,k+1 + 360◦ ;
if θ2,k − θ2,k+1 > 0◦ then
θ2,k+1 = θ2,k+1 + 360◦ ;
if θ3,k − θ3,k+1 > 0◦ then
θ3,k+1 = θ3,k+1 + 360◦ ;
/* check for link surpass

*/

if θ3,1 − θ2,1 > 120◦ then
θ2,1...S = θ2,1...S + 360◦ ;
if θ2,1 − θ1,1 > 120◦ then
θ1,1...S = θ1,1...S + 360◦ ;
if θ1,1 − θ3,1 > 120◦ then
θ3,1...S = θ3,1...S + 360◦ ;
return θ traj

The Jacobian matrix can be expressed as [20]
J = −J−1
2 J1 ,

(14)

which leads to the equivalent representation of (13):
J1 ω + J2 θ̇ = 0.

(15)

Here, J1 and J2 are both n × n Jacobian matrices (n = 3 for coaxial SPM), and configuration
dependent, i.e., J1 = J1 (vi , θ) and J2 = J2 (vi , θ).
For 3-RRR SPMs, these matrices are defined as [55]


(w1 × v1 )T
J1 = (w2 × v2 )T  ,
(16)
(w3 × v3 )T

In this work, conditioning index ζ(J) ∈ (0, 1) is
used to estimate proximity of a particular SPM configuration to any singularity. It is is defined as [20]:

J2 = diag( w1 × u1 · v1 ,
w2 × u2 · v2 ,

(17)

ζ(J) =

w3 × u3 · v3 ).
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1
,
kJk kJ−1 k

(18)

where kJk is obtained as:
s 
kJk =


1
tr J IJ ,
3
T

3D SPM prototype model in a virtual robot simulator. This approach ensures more accurate detection
of link collisions at all possible configurations and is
a faster process as it does not require the availability of an experimental manipulator prototype with
implemented motion control.
The authors propose to model motion of the
coaxial SPM prototype for kinematic analysis, link
collision detection and control system development
using CoppeliaSim robot simulator as detailed in
[51]. In the event of the link collision, the simulator’s link collision module signals that visually by
coloring collided links, and can send collision flag
with the IDs of the collided links to a remote client
if requested to do so. CoppeliaSim’s collision detection module implements the algorithm for efficient
and exact interference detection amongst complex
polygonal models, e.g. SPM links, based on hierarchical representation of the models using tightfitting oriented bounding box trees. At runtime,
the algorithm traverses two such trees and tests for
overlaps between oriented bounding boxes [50, 63].
In this work, the CoppeliaSim collision check routine is repeated at each rotational instance of the
sampled rotational motion of the coaxial SPM’s 3D
simulation model. If any of the manipulator’s link
collide during the rotational motion, this motion is
treated as not safe and is avoided.

(19)

and I denotes a 3 × 3 identity matrix.
Near-singular configurations are the ones with
ζ(J) being close to 0, whereas non-singular configurations have ζ(J) equal to 1. This index is
commonly used for SPM design optimization and
dexterity analysis such as in [11, 59–61]. To separate near-singular configurations from non-singular
configurations, a threshold value ζ(J)min is used.
This technique was previously applied by the authors to general SPM workspace computation in
[49]. The same definition of the near-singularity
based on a condition number of the Jacobian matrix is exploited in [62] to determine near-singular
configurations of a Stewart platform.
For a sampled rotational motion of the SPM’s
mobile platform, ζ(J) is computed at each rotational instance. If any of ζ(J) values during the
rotation is below the threshold value ζ(J)min , this
rotational motion’s trajectory is considered to be
not singularity-free and is avoided.
4.2. Link Collision Detection
Generation of link collision free motion trajectories were considered in the author’s previous works
[40, 49], where two link collision detection approaches were proposed for the case of the general
SPM. In [40] the SPM links are approximated by
using sets of line segments with coordinates defined
as a function of θ, knowing the manipulator geometry. The drawback of this method is that it gives
only a rough estimate of the collision due to the link
approximation that reduced overall computed configuration space. This was shown in [49] through
the comparison of the SPM joint spaces, computed
using the first link collision detection approach and
the experimental one based on providing control inputs to a real-world SPM prototype and measuring
motor supply currents. In the event of collision, the
current in at least one of the actuators was sharply
increasing. This approach estimates collision more
accurately compared to the first one, but it requires
the availability of the operational SPM prototype.
Another issue with this method is that it disregards possible joint configurations that are achievable in general, but not reachable from the home
configuration directly. In this work, this problem
is solved by performing link collision detection on a

4.3. Configuration Space
The configuration space of a spherical robotmanipulator is defined as the set of all input joint
positions that are feasible. Feasibility is determined
based on the singularity and link collision checks.
Input joint positions that do not lead to singular or
near-singular configurations and do not cause link
collisions are feasible.
Feasibility verification of a given configuration
θ of the coaxial SPM can be done combining the
approaches for singularity and link collision detection described in the two previous subsections. The
space of feasible configurations is generated numerically in this case by scanning through the 3D grid
of all possible combinations of input joint positions
and performing feasibility test at each node. Unfeasible configurations are not included in the configuration space.
The coordinates of the 3D grid’s nodes belong to
sets
φi = {θi,1 , θi,2 , . . . θi,Mi },
9

i = 1, 2, 3,

(20)

where Mi indicates the size of the set to which a
particular input joint position θi belongs to. A uniform sampling interval of the joint configurations is
employed for the simplicity of the numerical analysis, i.e., δφ , θi,j+1 − θi,j , j = 1, 2, ... Mi − 1 is
constant, and M1 = M2 = M3 .
As was discussed in Section 3, some joint configurations may cause the link surpass. To reduce
the computational burden, nodes representing such
configurations can be excluded right away without performing feasibility tests on them, since no
physical manipulator is capable of performing link
surpass motions in the real world. The remaining
nodes are subjects of the singularity and link collision checks.
After performing feasibility verification procedure on all nodes of the 3D grid, a set V, that represents the union of all feasible joint configurations
of the coaxial SPM, is created. This procedure is
presented in Algorithm 4. Computation of the set
V allows evaluation of control limits of a manipulator and dependencies between each actuator, i.e.,
safety margins for actuators’ operation. This set
can also be used to generate optimal motion trajectories for control purposes, e.g. shortest path in
joint space.

Algorithm 4: Numerical computation of
the configuration space of a coaxial SPM
Input: α1 , α2 , β, x0 , ηi , φi , i = 1, 2, 3
Output: Set V
V ← ∅;
for a1 ← 1 to M1 do
for a2 ← 1 to M2 do
for a3 ← 1 to M3 do
singularity ← f alse;
collision ← f alse;
/* link surpass check

*/

if θ3 (a3 ) − θ2 (a2 ) > 120◦ or
θ2 (a2 ) − θ1 (a1 ) > 120◦ or
θ1 (a1 ) − θ3 (a3 ) > 120◦ then
collision ← true
break

T
θ ← θ1 (a1 ) θ2 (a2 ) θ3 (a3 ) ;
/* forward kinematics

*/

Calculate wi and vi , i = 1, 2, 3,
given θ using Algorithm 1;
/* singularity detection

*/

Calculate J given ui , wi and vi ,
i = 1, 2, 3, following (14)-(17);
Calculate ζ(J) given J, following
(18) and (19);
if ζ(J) < ζ(J)min then
singularity ← true
break

4.4. Cartesian Workspace
Cartesian workspace analysis allows to find the
physical limits of the SPM’s mobile platform’s motion. It represents a collection of the locations that
are reachable by the coaxial SPM prototype and
where its infinite rotational motion is possible.
In order to numerically evaluate the coaxial
SPM’s workspace, a grid of points Wtemp is generated. In this work, an icosahedral grid [64] normalized to a unit sphere is selected. This grid
provides almost-equally distributed test nodes, and
contains the Cartesian coordinates of each one of
them. The interval between test nodes is determined based on the applied g-level (grid division
level). The number of test nodes is N = 2×102l +2,
where l = {0, 1, 2, 3, 4, ...}
qis the g-level. The aver-

/* link collision detection

*/

Send θ to the coaxial SPM
motion simulator;
if collision handle == 1 then
collision ← true
break
/* update the space

*/

if singularity == f alse and
collision == f alse then
V ← V ∪ {θ}
return V

and the vector pointing in the positive z direction:

age interval is equal to 21l 2π
5 . If lower precision for
the Cartesian workspace is acceptable, it is worth
increasing the interval between nodes by selecting
lower g-level value to reduce processing time.
At each test node, the unit vectors vi , i = 1, 2, 3,
are reconstructed by selecting vector v1 that is defined by the cross product of the test node position
(i.e. its Cartesian coordinates as normal vector n)


T
n × 0, 0, 1
v1 =

T .
kn × 0, 0, 1 k

(21)

Remaining vectors v2 and v3 are found using the
Rodrigues’ rotation formula as follows:
v2 = v1 cos 120◦ + (n × v1 ) sin 120◦ +
+ n(n · v1 )(1 − cos 120◦ ),
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(22)

v3 = v1 cos 240◦ + (n × v1 ) sin 240◦ +
+ n(n · v1 )(1 − cos 240◦ ).

Algorithm 5: Numerical computation of
the Cartesian workspace of a coaxial SPM
Input: l, σ, α1 , α2 , β, x0 , ηi , i = 1, 2, 3
Output: Set W

(23)

W ← ∅;
Wtemp ← icosahedral grid generated using
[64];
for j ← 1 to N do
singularity ← f alse;
collision ← f alse;
Set test node coordinates as n =
Wtemp (j);
Reconstruct vi,j , i = 1, 2, 3, following
(21)-(23);
Generate rotational motion trajectory
θ traj for a single rotation given vi,j ,
i = 1, 2, 3, using Algorithm 3;

Subsequently, an input sequence θ traj leading
to a single 360◦ rotational rotation is calculated
from the unit vectors vi,rot , i = 1, 2, 3 using (11)
and Algorithm 2 for obtaining unique inverse kinematics solutions. At each test nodes, all rotational instances of the sampled rotational motion
are checked for singularity and link collision using approaches outlined in the previous subsection
(Sections 4.1 and 4.2). After evaluating each test
node belonging to set Wtemp , and selecting singularity and collision free test nodes, a set W, representing the union of all nodes corresponding to the
coaxial SPM’s Cartesian workspace, is obtained.
Algorithm 5 details the procedure for determining
set W.

/* singularity detection

*/

for k ← 1 to S do
Calculate wi,j,k and vi,j,k , i = 1, 2, 3,
given θ traj (k) using Algorithm 1;
Calculate J given ui,j,k , wi,j,k and
vi,j,k , i = 1, 2, 3, following (14)-(17);
Calculate ζ(J) given J, following (18)
and (19);
if ζ(J) < ζ(J)min then
singularity ← true
break

5. Simulation Model and Experimental Prototype
Numerical verification of the presented framework is done via simulations and experiments using a coaxial SPM prototype with the following geometrical parameters: α1 = 45◦ , α2 = 90◦ ,
β = 90◦ , and γ = 0◦ . These parameters were selected such that they approximately match one of
the Pareto-optimal SPM design solutions (Design
ID I: α1 = 47.2◦ , α2 = 91.7◦ , β = 88.4◦ , γ = 0◦ )
presented in [32], where a multiobjective design optimization problem was formulated to determine
the coaxial SPM configuration with minimum mass
and increased dexterity. The selected SPM parameters for the experimental manipulator prototype
will also allow to make future comparison (dynamic,
stiffness, etc.) with the SPM design prototype proposed in [32]. Selection of the geometrical parameters with α1 6= α2 helps to avoid the second and
the third singularity types as mentioned earlier in
Section 4.1.
A CAD model of the manipulator with these parameters was created in SolidWorks 3D modeling
software and is shown in Fig. 3a. For the link collision detection purposes, this model was simplified by removing non-crucial design details such as
fixtures, interior holes, gear teeth, and afterwards
imported to CoppeliaSim (V-REP) robot simulator
(Fig. 3b) for link collision detection as detailed in

if singularity == true then
break
/* link collision detection

*/

Send θtraj to robot simulator;
if collision handle == 1 then
collision ← true
break
/* update the workspace

*/

if singularity == f alse and
collision == f alse then
W ←W ∪n
return W

Section 4.2 and [51]. MATLAB was used for motion control of the simulation model, collision data
recording, and singularity detection calculations.
In order to create the simulation model of the
coaxial SPM, the CAD model was saved in STL
format in SolidWorks and a single combined manipulator assembly was imported to CoppeliaSim,
where it was divided into several parts corresponding to the manipulator’s links. The resulting model
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(a)

(b)

(c)

Figure 3: Coaxial SPM: (a) CAD model, (b) simulation model, (c) 3D-printed experimental prototype.

of the coaxial SPM consists of 8 shapes: the base, 3
distal links, 3 proximal links, and the mobile platform. Actuators and gears were combined with the
base and do not play a role in the manipulator’s
actuation in this model. Actuation is done through
proximal links. In the last steps of the simulation
model preparation, it was assembled resembling the
closed-loop kinematic architecture of the manipulator. There are 2 closed loops in the model, i.e. base
- proximal link 3 - distal link 3 - mobile platform
- distal link 1 - proximal link 1 - base and base proximal link 3 - distal link 3 - mobile platform distal link 2 - proximal link 2 - base. Additional
details about CoppeliaSim settings and its linkage
to MATLAB can be found in [51].

6. Results and Discussion
6.1. Configuration Space Computation
The configuration space of the feasible input joint
positions was obtained by confirming that a given
input vector θ does not bring the coaxial SPM
to singularity/near-singularity or does not result
in link collisions as outlined in Algorithm 4. The
3D grid of test nodes was limited by input values of 0◦ and 360◦ with a step δφ = 5◦ , that resulted in a total of 373,248 test nodes. Figure 4
presents intermediate and final sets of the configuration space at each stage of its computation. The
initial set was obtained, as shown in Fig. 4a, after
eliminating SPM configurations that result in link
surpass. It was found out that in one of the directions, the set under study has an identical crosssectional profile shape, shown in Fig. 4a as a shaded
circle in the 3D plot and separately underneath the
figure. This direction corresponds to the line con
T
necting the test nodes θ = 0◦ , 0◦ , 0◦ and θ =
 ◦

T
360 , 360◦ , 360◦ , which is one of the 3D diagonals of the initial cubical 3D grid. This line also corresponds to the trajectory of the infinite rotational
motion of the mobile platform around z -axis, as
will be shown in Section 6.3.3. Afterwards, remaining test nodes were tested for singularity with the
threshold conditioning index ζ(J)min = 0.2. Singularity detection routine resulted in appearance
of several disconnected smaller subsets as shown in
Fig. 4b (cross-sectional view). These subsets belong to the different assembly modes of the coaxial SPM. Subsequently, the singularity-free configurations were tested for link collisions via simula-

3D-printing rapid prototyping technology, i.e.
PLA plastic filament and Ultimaker Extended 2+
3D-printer, was used for manufacturing mechanical
elements of the coaxial SPM’s experimental prototype shown in (Fig. 3c). Actuation of the input
joints is performed by three ROBOTIS Dynamixel
XM540-W150 servomotors that are equidistantly
located on the manipulator’s base. The servomotors are controlled via MATLAB using Dynamixel
SDK (Protocol 2.0) API.

Unlike the author’s previous SPM prototype utilized in [37], the new coaxial SPM prototype uses
double helical gears (herringbone gears) with the
input joints instead of simple spur gears as before
for smoother motion and reduced backlash [65].
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tions in CoppeliaSim. The final set of the feasible
input joint positions V, i.e configuration space of
the coaxial SPM’s prototype, was computed and
is presented in Fig. 4c. The sets in Figs. 4b and
4c demonstrate the same invariability of the crosssections on that particular diagonal.
Analysis of the computed set V of the feasible configurations shows that it stretches from

T
the node θ = 0◦ , 0◦ , 0◦
to the node θ =
 ◦

◦
◦ T
360 , 360 , 360
with the variability of each input joint position not greater than 100◦ from the
straight line connecting those two nodes. From this
it follows that specifically for the coaxial SPM’s
prototype under study its actuators’ inputs can
not vary from each other by more than ±100◦ ,
otherwise some of the links will collide. It needs
to be mentioned that the obtained set V expends
infinitely in the positive and negative directions

T  ◦
T
following the 0◦ , 0◦ , 0◦
- 360 , 360◦ , 360◦
line and having the same cross-sectional view profile. This result confirms the fact that the coaxial SPM is capable of the infinite rotational motion, and trajectories leading to it are not bounded
on the diagonal direction, meaning that such trajectories can go beyond the tested set bounded by
θi ⊆ [0◦ , 360◦ ], i = 1, 2, 3 (example of this is shown
in Case 3 of the accompanying video).

also excluded from the analysis as it is expected
that the manipulator cannot operate in that region
safely (physical limitation).
The remaining test nodes were checked for singularity and benchmarked by the conditioning index ζ(J)min = 0.2. In the case of the rotational
motion, the conditioning index ζ(J) is not a constant value. It changes with each rotational instance (please refer to Section 6.3 and Fig. 10b and
Fig. 10a). Figures 5a and 5b illustrate test nodes
checked for singularity from different view points.
The test nodes here represent the vector direction
for n. In these figures, the red squares indicate the
test nodes at which at least one of the rotational
instances has the conditioning index ζ(J) below
ζ(J)min = 0.2. Figure 5c and 5d present the computed Cartesian workspaces (set W) of the coaxial
SPM’s normalized to a unit sphere. In these figures, the red squares indicate the test nodes with
link collisions during the rotation of the mobile platform. The obtained data reveals that for the given
coaxial SPM’s prototype the lowest tilt of the mobile platform with full rotation corresponds to 39◦ .
In order to obtain the Cartesian workspace corresponding to the physical dimensions of the SPM’s
model, the obtained workspace has to be scaled by
the distance from the center of rotation to a desired
point on the SPM’s mobile platform.

6.2. Cartesian Workspace Computation
The Cartesian workspace was estimated by verifying whether any rotational instance of the infinite
rotational motion of the coaxial SPM in this location brings SPM to a singularity or near-singularity
or causes link collisions as outlined in Algorithm 5.
An icosahedral grid of test nodes Wtemp was generated with g-level l = 5 or f actor = 32, meaning that each triangle of the icosahedron is subdivided into 32 × 32 subtriangles, resulting in a
total of 10,242 test nodes around the whole unit
sphere. At each node, rotation of the unit vectors vi , i = 1, 2, 3, was sampled into 360 instances
(δσ = 1◦ ). At each instance, unique input joint
positions were calculated using Algorithm 2. This
way the input sequences θ traj providing a single
360◦ rotation of the SPM mobile platform at each
test node were generated. It was found out that
some input sequences contained values with imaginary parts, so the test nodes resulting in it were
excluded from the rest of the analysis as they correspond to an unattainable region. Furthermore, test
nodes on the negative side of the unit sphere were

6.3. Infinite Rotational Motion Generation
Three case studies of the infinite rotational motion generation of the coaxial SPM prototype at a
central, middle and edge regions of its Cartesian
workspace are presented to demonstrate the proposed computational framework.

6.3.1. Case Study 1: Infinite Rotational Motion
in the Edge Region of the SPM Cartesian
Workspace
A Cartesian workspace test node n =

T
−0.274, −0.555, 0.786 is used in this example.
It corresponds to 38.22◦ tilt of the SPM mobile platform as shown in Fig. 6a, where vector z represents
z -axis of the coordinate system and vector n represents normal vector of the mobile platform shown
from the center of rotation. The unit vectors vi ,
i = 1, 2, 3, corresponding to one of the possible orientations of the mobile platform at this test node
13

de

g)

θ₁

)
(deg

θ₃ (deg)

θ₃ (deg)

θ₃ (deg)
θ₂
(

θ₂

(de
g)

(a)

)

eg
₁ (d

θ

(b)

θ₂
(

de

)
deg

g)

θ₁ (

(c)

Figure 4: Sets with cross-sectional views obtained at different stages of the computation process of the Coaxial SPM’s feasible
configuration space: (a) set of test nodes with no link surpass, (b) set of singularity free test nodes, (c) set of link collision free
test nodes.

are computed following (21)-(23):

T
v1 = −0.8967, 0.4427, 0.0000 ,

T
v2 = 0.1471, −0.8314, −0.5358 ,

T
v3 = 0.7495, 0.3887, 0.5358 .

change are periodic and identical to each other
with 120◦ phase shifts between them. It means
that only one input joint position can be generated;
the remaining input joint positions are obtained by
adding 120◦ and 240◦ phase shifts. A similar periodic behavior during the SPM rotational motion is
observed in the sample evolution of the conditioning index ζ(J) shown in Fig. 10a. It implies that
during the infinite rotational motion of the coaxial SPM the conditioning index is not constant and
can go beyond the threshold value, which indicates
that the motion can be unfeasible.

(24)

Once these unit vectors are obtained, the procedure is continued with Algorithm 3. Rotational
instances of the unit vectors (24), vi,rot , i = 1, 2, 3,
are calculated by applying (11) for a single 360◦ rotation cycle with δσ = 1◦ . The input joint positions
vector θ is then calculated by applying Algorithm 2
at each rotational instance. The generated input
joint trajectory θ traj is shown in Fig. 7a in the
form of a helix-shaped path inside the SPM feasible configurations space, obtained in Section 6.1.
The generated trajectory almost reaches the side
edges of the feasible configuration space, indicating
that the coaxial SPM is operating near the edge of
its workspace. For consistency of all presented case
studies, all generated trajectories are shown within
the SPM feasible configuration space bounded by
input joint positions 0◦ and 360◦ .
Figure 8a illustrates the sequence evolution of
the generated joint positions θ traj for the three input joints of the SPM prototype, whereas Fig. 9a
presents the input joint rates of position change,
calculated as θi,j+1 - θi,j . Input joint rates of

The generated input joint trajectories were first
tested on the coaxial SPM model in CoppeliaSim
robot simulator resulting in the dynamic visualization of the expected infinite rotation of the
manipulator as presented in Fig. A.11 as SPM
model subsequent positions at six input joint trajectory instances. Time evolution of unit vectors vi ,
i = 1, 2, 3, characterizing the instantaneous orientation of the coaxial SPM model during the rotational
motion simulation, were compared with the numerically computed reference vectors vi,rot , i = 1, 2, 3,
similarly to the procedure, presented in [51]. The
ideal matching of both the simulated and the precomputed desired rotational motion trajectories of
the coaxial SPM model orientation vectors verifies
the correctness and pointing accuracy of the pro14
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Figure 5: Sets with top views obtained at different stages of the computation process of the coaxial SPM’s Cartesian workspace:
(a) set of singularity-free and near-singular test nodes, (b) top view of the previous set, (c) set of link collision-free test nodes
and nodes with link collisions, (d) top view of the previous set.

posed numerical framework for generating input
joint trajectories, that are used as actuated joint
references for realizing infinite rotational motion of
the coaxial SPM’s top mobile platform around its
normal vector in a desired orientation.
The input trajectories were also applied on the
experimental prototype of the coaxial SPM as
shown in Fig. A.12 in the same format. The complete rotation coaxial SPM prototype is presented
in the accompanying video demonstration. The
visual demonstration on the experimental prototype confirmed the overall correctness of the proposed framework assuming an open loop control approach. Design of a closed loop orientation control
system for eliminating the effects of manipulator’s
dynamics, potential frictions in transmission gears
and joints and mechanical inaccuracies in the physical SPM prototype on its pointing accuracy is be-

yond the scope of this work and is the subject of
the authors’ future research.
6.3.2. Case Study 2: Infinite Rotational Motion
in the Middle Region of the SPM Cartesian
Workspace
Consider
the  test
node
n
=

T
0.165, −0.326, 0.931
on
the
Cartesian
workspace of the coaxial SPM prototype, corresponding to 21.43◦ tilt of the mobile platform
as shown in Fig. 6b. Similarly to Case Study 1,
the generated trajectory, input joint positions and
rates of change, conditioning index ζ(J) for this
case study are computed and presented in Figs. 7b,
8b, 9b, 10b, respectively. The snapshots of the
resulting rotation of the coaxial SPM simulator
model and experimental prototype are presented
in Fig. A.13 and Fig. A.14, respectively.
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Figure 6: Case studies of the infinite rotational motion generation of the coaxial SPM prototype: (a) case study 1 with
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Figure 7: Generated rotational motion joint trajectories of the coaxial SPM prototype: (a) case study 1 with
n = [−0.274, −0.555, 0.786]T , (b) case study 2 with n = [0.165, −0.326, 0.931]T , (c) case study 3 with n = [0, 0, 1]T .

6.3.3. Case Study 3: Infinite Rotational Motion in
the Central Region of the SPM Cartesian
Workspace

7. Conclusion
This paper presented in detail a novel framework
for infinite rotational motion generation and kinematic analysis of a 3-RRR SPM with coaxial input shafts. At first, a revised approach for obtaining unique kinematics solutions was presented,
based on which a novel approach for generating infinite rotational motion of the coaxial SPM top mobile platform was formalized and verified via simulations and experimental tests of a coaxial SPM
model and its physical prototype, respectively, thus
demonstrating its practical applicability to designing SPM based mechanisms with infinite rotational
motion capabilities.
The obtained numerical results revealed periodic
nature and similarities between the input joint rates
of change of the employed coaxial SPM model.


T
Consider the test node n = 0, 0, 1 , corresponding to 0◦ tilt of the mobile platform as shown
in Fig. 6c. Similarly to Case Study 1, the generated
trajectory, input joint positions and rates of change,
conditioning index ζ(J) for this case study are computed and presented in Figs. 7c, 8c, 9c, 10c, respectively. In this case, input joint rates of changes and
conditioning index ζ(J) are constant values, and the
input trajectory is a straight line connecting nodes

T

T
0, 0, 0 and 360, 360, 360 . The snapshots of
the resulting rotation of the coaxial SPM simulator
model and experimental prototype are presented in
Fig. A.15 and Fig. A.16, respectively.
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Figure 8:
Evolution of the input joint positions of the coaxial SPM prototype:
(a) case study 1 with
n = [−0.274, −0.555, 0.786]T , (b) case study 2 with n = [0.165, −0.326, 0.931]T , (c) case study 3 with n = [0, 0, 1]T .
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Figure 9: Evolution of the input joint rates of change of the coaxial SPM prototype: (a) case study 1 with
n = [−0.274, −0.555, 0.786]T , (b) case study 2 with n = [0.165, −0.326, 0.931]T , (c) case study 3 with n = [0, 0, 1]T .
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Figure 10: Evolution of the conditioning index ζ(J) of the coaxial SPM prototype: (a) case study 1 with
n = [−0.274, −0.555, 0.786]T , (b) case study 2 with n = [0.165, −0.326, 0.931]T , (c) case study 3 with n = [0, 0, 1]T .

Spatial analysis of the coaxial SPM model taking into account infinite rotational motion capability of the manipulator was performed resulting
in the numerically computed joint and Cartesian
workspaces of the manipulator excluding singularity, near-singularity and link collision robot configurations. For the particular SPM prototype under
study, it was found that its maximum Cartesian
workspace is limited by 39◦ tilt.
In this work, only the visual verification of the

proposed framework on the experimental coaxial
SPM’s prototype is presented assuming an open
loop control approach without correcting manipulator’s dynamics, potential friction in transmission
gears and joints and mechanical inaccuracies, that
would affect the pointing accuracy of real-life system. As a future work the presented coaxial SPM
infinite rotational motion generation and kinematic
analysis framework will be further utilized for designing the manipulator’s real-time orientation con17

trol system with integrating 6-DOF orientation sensors into the SPM mechanical prototype for a feedback control loop implementation similarly to author’s previous work [49]. As part of this work an
orientation accuracy analysis of the experimental
coaxial SPM prototype will be conducted.
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Appendix A. Examples of sampled rotational motions

(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.11: Rotational instances of the simulated coaxial SPM model about unit vector n = [−0.274, −0.555, 0.786]T .

(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.12: Rotational instances of the experimental coaxial SPM prototype about unit vector n = [−0.274, −0.555, 0.786]T .
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(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.13: Rotational instances of the simulated coaxial SPM model about unit vector n = [0.165, −0.326, 0.931]T .

(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.14: Rotational instances of the experimental coaxial SPM prototype about unit vector n = [0.165, −0.326, 0.931]T .

(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.15: Rotational instances of the simulated coaxial SPM model about unit vector n = [0, 0, 1]T .

(a) σ = 0◦

(b) σ = 60◦

(c) σ = 120◦

(d) σ = 180◦

(e) σ = 240◦

(f) σ = 300◦

Figure A.16: Rotational instances of the experimental coaxial SPM prototype about unit vector n = [0, 0, 1]T .
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